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TECHNICAL NOTE 3796 


THEORETICAL LIFT DUE TO WING INCIDENCE OF SEENGER 
WING-BODI-TAIL COMBINATIONB AT 
ZERO ANGLE OF ATTACK 
By Alvin H. Sacks 

SUMMARY 


The theoretical lift of a cylindrical afterbody at zero angle of 
attack due to incidence of the wing is determined by means of slender- 
body theory. It is assumed that the vortex sheet becomes fully rolled 
up ahead of the base of the afterbody, and the paths of the vortices in 
the presence of the body eire determined. Since this requires the ccanplete 
solution of the classical problem of the motion of a tiro-dimensional vortex 
pair past a circular cylinder, the analytical solution of that problem is 
presented herein. 

The total lift of a slender wing-body-tail combination due to inci- 
dence of the wing is also calculated by making use of the above solution, 
and lift curves are presented for a variety of tail lengths, span ratios, 
and body sizes. The lift due to the rolling-up of the vortex sheet is 
included and is discussed in relation to the calculated results . 

It is found that a short afterbody carries positive lift and that a 
long afterbody carries negative lift. Furthermore, there is a short after- 
body length which carries a maxiinum positive lift and a long afterbody 
length which carries a maximum negative lift. 

INTRODUCTION 


The problem of calculating the forces on the body and tail of a 
slender wing-body-tail combination has received relatively little atten- 
tion from a theoretical point of view, considering its inrportance . The 
reason seems clear when one investigates the possibilities of obtaining 
analytical solutions for the behavior of the wing wake. There are, how- 
ever, certain classes of problems in this category which lend themselves 
to analytical solution. In 19^8^ example, Graham (ref. l) calculated 
the lift on the tails of some plane wing-tail combinations, and in 1952 
Morikawa (ref. 2) Investigated the "maximum” wing-body-tall interference 
by assuml^ the wing vortices to be fully rolled up and to remain in the 
plane of the wing and tail. In reference 3 the variations of lift and 
pitching moment with angle of attack were obtained for a number of 
slender "vring-tail combinations. 
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The references cited above have one point in common which highlights 
the principal difficulty underlying all calculations of wing -body- tail 
interference. Specifically, in no case have the positions of the wing 
vortices in the presence of the body been calculated analytically . They 
have on several occasions been obtained numerically (e.g., refs. 4 and 5) ^ 
but the number of specific configurations treated is relatively small 
since each case requires a separate numerical calculation. 

In the present paper, a class of problems is treated for which an 
analytical solution will be obtained for the paths of the rolled-up vor- 
tices in the presence of the body. In particular, the combinations 
treated will each consist of a cylindrical body at zero angle of attack 
with a wing and tall at incidence. This problem is analogous to the 
classical hydrodynamic problem of the motion of a two-dimensional vortex 
pair past a circular cylinder. Althou^ the equations of the vortex paths 
for this latter problem have been given in many places (e.g., refs. 6 
and 7 ) > the elapsed time between successive positions has not been 
expressed analytically to the author's knowledge. The present paper will 
supply this solution which finally links the three-dimensional slender 
problem directly to its two-dimensional analogue. 


SYMBOLS 


a body radi\is 

A aspect ratio 

d tail length or afterbody length, Z - x^ 

e distance behind irfag trailing edge at which vortex sheet 

is essentially rolled up 

K half the asyn^itotic spacing of the rolled-up wing vortices. 



Z over-ail length of wing-body-tail combination 

L lift 

r ^/y2 + z2 

rQ radius of transformed circle corresponding to airplane cross section 
s local semispan of iTing or tail 

Sq maximum semispan of wing (at x = x^) 
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maximum semispan of tail (at x = l) 
exposed eireas of both wing panels 
flight speed in the negative x direction 

components of velocity of the starboard rolled-up vortex in the 
positive y and 2 directions 

distance from airplane nose to position immediately behind wing 
trailing edge 

Cartesian coordinates fixed in the body as illustrated in 
sketch (a) 

y and z coordinates of stanboard rolled-up vortex 

angle of attack of the body (taken as zero throughout) 

strength of one rolled-up vortex shed from the wing 

circulation of kth external (free) vortex, positive counter- 
clockwise (looking upstream) 

circulation on the wing 

incidence angle of surface relative to the body axis (and fli^t 
direction) , radians 

y + iz 

position of kth external (free) vortex, + Iz-^ 
fluid mass density 

complex coordinate in transformed circle plane 
position of kth external vortex in cf plane 

position of kth external vortex relative to its image in the 

transformed circle, 0]^ 2_ 

t^k 

difference in potential between upper and lower surfaces 
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Subscripts 


A afterbody (with no tail) 

I due to vortex interference 

¥ wing (forward surface) 

BT body- tail combination (isolated, segment of airplane behind wing 

trailing edge) 

¥B wing-body combination (segment of airplane ahead of wing trailing 
edge) 

T tail (rear surface) 

TE wing trailing edge 

Special Notations 

R real part 

( ) complex conjugate of ( ) 


ANALYSIS 



The class of slender 
wing-body-tail combinations to 
be treated in the present anal- 
ysis is illiistrated in 
•sketch (a) . The body is a 
circular cylinder of radius a 
behind the wing trailing edge. 
The wing and tail are at inci- 
dence to the body as shown, 
but the body is ailigned with 
the flight direction. The wing 
and -tail are thin flat plates 
whose straight trailing edges 
lie in the planes x = x^jg 
and X = Z as shown above . 


Sketch (a) 
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Formulas for the Lift 


In. reference 8 ^ it -was shown that the Interference lift of a slender 
■vring-body-tail combination in steady straight flight is given by 



where a-^ represents the (complex) distance between the kth shed 

vortex and its image in the transformed circle plane, m is the number 
of shed vortices, and H, signifies the real part. Since the body of the 
combination to be treated here is of circular cross section, the trans- 
formation from the physical (^) plane to the circle (a) plane immediately 
behind the wing trailing edge is simply ^ = 0. In this case it is easy 
to verify that the last term of equation (l) is actually equal to 4 he 
lift of the wing -body combination ahead of the wing trailing edge. Thus, 
if the vortex sheets leave the wing panels as flat sheets, we have at 

^ ~ ^9ee+ 


and 


Hence 



rk = 




(2) 


or, after an integration by pants. 







-s 


o 


( 3 ) 


which is just the slender-body formula for the lift of the wing-body 
combination ahead of the wing trailing edge (see ref. 9 )* 



6 


MCA TN 3796 


By virtue of equation ( 3 ) ^ then, the interference lift of equa- 
tion (1) can he expressed as 


Lj = pU^Bf 

,k=i 


- %B 




x=I 


and the total lift of the wing-hody-tail combination is given by 


^ + Tij - pUqB| y r k^^kr ) 

^k=i , 

x=Z 


( 5 ) 


Ncnr, since both and are already known from slender-body theory 

(see ref. 10 ), the problem of the present analysis is really that of 

m 

determining the con^jlex quantity at the base of the configura- 

k=i 

tion. For the plane wing -body-tail combinations to be considered in this 
treatment (see sketch (a)), the mapping function of the base cross section 
can be expressed as 


0=1 




( 6 ) 


The radius rQ of the transformed circle is given by 



(T) 


(x=l) 


Sketch (b) 


(x=l) 


( 8 ) 
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we find from equations (6) and ( 7 ) that 



Furthermore^ by symmetry, (sketch (b)) 

r = -f = -f 

and 



Therefore, the quantity 



k=i 


he expressed as 


at the base of the configuration can 



With this expjression, equations (l^) and (5) become^ 


and 



L 




+ Lbt 


( 11 ) 


( 12 ) 


The only two quantities in the above e^qpressions that are not imme- 
diately known are the strength F of the starboard rolled-up vortex and 
its position at the tail trailing edge The remainder of the analysis 

■v/ill therefore be devoted to the determination of these two quantities. 

4aie procedure for taking the real part of the square root without 
ambiguity has been given in Appendix B of reference 8. 



8 


MCA TO 3796 


Strengths and Initial Positions of the Rolled-Up Vortices 


The spanwise circulation distribution over the wing of the combina- 
tion of sketch (a) ■v?as given in a transformed plane in equation ( 59 ) of 
reference 10 and can be es^ressed in the physical yz plane as 



It will be assumed in the present analysis that the positions of the 
rolled-up vortices can be determined with good accuracy by considering 
the vortex sheets as fully rolled up immediately behind the wing trailing 
edge- In reference 11 this assumption was shown to be justified for the 

case of no body (a = O) . Therefore we 
shall determine the strength and posi- 
tion of a rolled-up vortex at the wing 
trailing edge to replace the flat sheet 
having the above distribution of 
circulation - 


The position and strength F 

of the rolled-up starboard vortex at the 
wing trailing edge are found by requir- 
ing that the lift impulse supplied by 
the wing panel be the same for the 
rolled-up vortices as for the flat 
sheets. Thus, in view of sketch (c), 
the known expression of slender-body 
theory for the lift of both panels yields 



Sketch (c) 
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So 

a 




so that 




h} 

2pUoF 


+ a 


(15) 


The "value of F is seen from sketch (c) to be equal to Fy at y = a 
and s = Sq and is therefore obtained directly from equation (13) • The 
resulting expression for F is 



The lift of both wing panels of the combination has been given in 
reference 10 and for the present case reduces to 


% = Ip'JoX 


rt 

2 


Sa^cot"^ — 


8 _a^ 

It So 
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- jta 
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(IT) 



With equation (l6) and the abore e:jqDre33ioa. then, the poBition of the starboard vortex at the trailing 
edge is obtained directly frcm equation (l5) • The resulting lateral position in wing semiepanB is 


H 

o 



This equation is plotted in figure 1. Thus the strength and position of the rolled-up vortex at the 

■LTlnor +.T»Q S 1 ri Cf 0*0 0r»0 *(rori "hv onlio+.^rma O -I t-\-P +>iCk Q-nol Tro-I o -T,!-! 1 1 "Kci 




concerned vlth determining the vortex positions at sane distance behind the wing. It will then be 
possible to calculate the Interference lilt and the total lift of the wing -body- tail combination of 
sketch (a) directly by means of equations (u) and (l2) . 


Determination of the Vortex Positions Downstream 


If we denote by d the distance behind the wing trailing edge and by t^^ the time for the air- 
Plane to travel that distance at the constant speed . then we mav write 


ti ; 

= Uo y' dt = Do y 


yi yi 

=u r ^ 

dy/dt v^ 


(19) 


ITE 
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where lateral position of the starhoeird vortex at distance d 

behind the wing and v^ is its component of velocity in the y direction 
induced by the port vortex and by the image vortices within the body. 

Thus equation (I9) ^ if it can be integrated, offers a direct relationship 
between the lateral position y^^ of the starboard vortex and the corre- 
sponding distance d behind the wing trailing edge. 


The induced velocity component v^ can perhaps most easily be 
expressed as the real part of the derivative of the appropriate complex 
potential, which is the total potential minus the potential due to the 
vortex in question. Thus (see sketch (d)) 


= H(vi - iWi) = H < 


dC 




In 


G - - £.)’ 


, a^' 




( 20 ) 


where ^ = y + iz . Upon cari*ying out 
the operations indicated, one finds 
after some algebraic manipulation 
that Vj^ can be expressed in the 
form 


Vi = 


2Ta2 


n(r2 - a^) 


y^z 


(r2 - + 4a2yS 


(21) 


where r^ = y^ + 



Now the integration of equation (19) 
is to be perfonaed along the path of the 
vortex in the yz plane. That is, we 
must have a relation between y and z which defines the projection of the 
vortex path on the yz plane. Expressions for the required path have 
been given in many places (e.g., ref. 6 ,- pp. 330 - 331 ) and can be written 
in the coordinate system of sketch (d) as 


r2 _ a2 = 


2 Eay 


N/y 2 - 


( 22 ) 


where K is a constant which depends on the Initial position 
on the body radiiis a. We shall now wite z in the form 


= - - y^ = - *s/(r2 - a^) + a2 - y2 




(23) 
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noting that the minus' sign is required since z is to have only negative 
values for the present problem. That is, the vortex starts at the trail- 
ing edge (z = 0) as shoim in sketch (c) and moves downward as can be seen 
from the directions of rotation shown in sketch (d) . Now, making \ise of 
equation (22) to note that 


(r^ - a^)^ + 4a2y2 = 


4 a^^ 

- Y? 


( 24 ) 


we find that, after sinq)lif ication, equation (21) for the velocity com- 
ponent Vj^ can be expressed as 


Vi = - ~ v/ 2 Kay + (a^ - y 2 ) ^ - Y? 

4 jtay^ 

Thus the distance d of equation ( 19 ) can finally be written as 


(25) 


d = 


yi 


4itU^aK 


y^dy 


4 lE 


(y 2 - )^^^^ ^/ 2 Kay + (a^ - y^) y^ - 


This then is the integral to be evaluated. 

It can easily be verified that the transformation 




reduces equation (26) to the form 


(26) 


(27) 


d = - 


2nUoaK^ 


r ^ t(t- 


(t + 1) dr 


t(t - 1) *n/ OqT'^ + CX^T^ + OgTS + OgT + 


(28) 


where 

% = 0^4 = - 

= 8Ka + 4 a^ 

Og = 2K^ - 8a^ 

03 = 4 a^ - 8Ra 
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The above integral is an incomplete elliptic integral of the third kind 
and can be evaluated by means of reference 12 in terms of the roots of 
the fourth degree polynomial inside the radical. Thus, if we divide out 
the rational fraction in the integral, equation (28) becomes 


2tcUq8K^ 

j 

1 

+ 4 i 

f “ . , 

r' + 8 i 

1 

r 

^F(t) j 

0 

-s/p(t) j 

0 ■' 

Wp(t) j 

0 

(T-l)^/p(T) 

0 


where i^9) 

P(t) = OqT"* + OxT^ + + OqT + 


It can be shown that t = 1 is a root of P(t) so that a ll four of the 
integrals in equation ( 29 ) are basic types which are integrated in refer- 
ence 12, pages 95 to 137* 

Since t = 1 is a root of the polynomial P(t), the remai nin g roots 
can be found by solving the cubic equation 


P(t) ^ 
-K^t- 1) 


= T” 




a^ - 8Ka - 




T - 1 = 0 


( 30 ) 


The solution is well known and can be found in many books (see, e.g., 
ref. 13 , pp. 9 aJO-d lO) for all cases, but it can be shovm, foUo^-ilng the 
notation of reference 13 that here 

, 1 - 8Ka - ka.^ - 8Ka - ^ „ 

— ? — ) A — ? — r° 

and 

1 - 8Ka - 4a^ - 8Ka - 2 - 8Ka - 4a^ 

J? ){. ^ P 




+ 1 > 0 


(31) 



30 that only two cases need to be considered. If q.^ > there is one real root and two conjugate 
conmlex roots ffiven by 


Tl 


= 2^^P cosh cosh-i(^^j _ i (^1 _ 8 I - If 


r. 


/ ^ \1 


= 


= - ,^/p cosh coBh~^-( ^^^ >g j j + WSp sinh ^ cosh“^pa"/2 J ~ ^ ° K J 


1 r ^ ^ \ 

> 


= - Jp cosh cosh-^::—'^! - i'/!p sinh cosh-^:J~)] “ T ^ I “ ^ fa) 


Nr ■ VJ 


l _3 VP^'^-ZJ 

On the other hand^ if q.^ < p®, there are three real roots given by 


H 

■tr 


Tl' 


= 2 ^/p 


cos 


i=os- 




"I 


T^' = - s/p cos ^ C0B“1^-^^ + ‘/SP Bin ^ C06-^J^^ “ 3 (^ ' ® K ■ ^ 

X 3 . = -s/Fcoa [i cos-^)j Sin [| coa-^^)] - | (l - 8 | - 4 |) 


> ( 33 ) 


T_ j 4-n-KTi^.. i«T T -i-n+-T,^ iri+.QirT^i o -fn r-pf* #»T'pnop IP. wfi imat Order the real roots of 

\ I I UX'li.d' UtJ LLOO W_LC vzi v,. i , -1-** w — / •• 

the polynomial P(t) with respect to one another and with respect to the limits of integration. Now 
from equation (27) , solving for t, we find that the limits of integration are 


t 
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( 31 ^) 


where is the lateiral position of the centroid of vorticity at the 

'irLng trailing edge and is given hy equation ( 18 ) . The position y^^ is 
of course a vajriahle depending on the distance d downstream. It should 
he noted that the plus sign was chosen on the above square roots since 
the minus sign leads in some cases to negative values of P(t) which give 
imaginary values for the distance d and therefore have no meaning. 

Now, once the value of K is determined, the roots of the poly- 
nomial P(t) are given by equations ( 31 ) to (33 ) } and the limits of inte- 
gration are given by equation (3^) • Therefore, the final step required 
before the integrations of equation ( 29 ) can be carried out is the deter- 
mination of K. This has been done in reference 6, page 330, in terms of 
the distance between the vortices and their images, and, since K is a 
constant, we need only know the vortex positions at any one station, say 
the trailing edge of the wing, in order to evaluate it. Thus, denoting 
the positions of the starboard vortex and its image at d = 0 as yijtg 

and y,mi. , respectively, we find directly from the above ref er- 

yiTE 

ence that^ 



We are now in a position to calcxilate all the roots and the limits of 
integration and therefore to order all the real roots as required. 

The roots of P(t) are plotted in figure 2 and it is found that if 
all the roots are real (eq. ( 33 )) then they are ordered as follows: 

Tl' >T^>1>T2' > Tg' (36) 

^It is interesting to note that (see ref. 6 ) the constant K is half 
the asymptotic spacing of the free vortices; that is, the spacing for 
large d. 
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It can "be seen from figure 2 (b) that two of the roots become equal at 
about K/a = 0.296. For larger values of Yi/a., two roots are complex. 
In this case (eq.. ( 32 )) we need only know that 


Ti > n > 1 


(37) 


Furthermore, it is found that the lower limit of integration Tq is 
actually equal to if all the roots are real and is equal to 

if two roots are con^lex, so that the lower limit is a root of P(t) in 
all cases. 

With the above information, equation (29) for the distance d behind 
the wing trailing edge can be expressed in two alternative forms depending 
on whether the roots of P(t) are all real or not. Thus, if q.^ > p®, 
where p and q^ are defined by equation (3l) ^ then P(t) can be written in 
the form 


P(t) = -K^(t - 1)(t - Tj^)(t - T2)(t - Tg) 
= K^(t - 1)(t3_ - t)(t - T2)(t - T3) 


(38) 


where Tg, and are given by equation (32) and are ordered accord- 
ing to equation ( 37 )* Hence we can wite equation (29) for this case in 
the form 


d = 


2 rtU„aK 


^ T ^ ^ Or 

^/ (t-1) (t^-t) (t-t^) (r-Tg) (t-1) (t^-t) (t-t^) (r-Tg) 


r - 7 - - + 8 r ■ ' - ■ 

W (t-1) (ti-t) (r-Tg) (r-Tg) vj. (t-1)J (t-1) (ti-t) (r-Tg) (r-Tg) 


( 39 ) 

On the other hand if q.^ < p^, then the expressions corresponding to equa- 
tions (38) and (39) ane found by simply substituting the primed roots 
given in equation ( 33 ) for the unprimed roots in the above expressions. 

The integrals of equation ( 39 ) can all be found in the tables of 
reference 12, but extreme caution must be used in picking the proper forms 
considering the ordering in equations (36) and (37) for the two cases. 

For some of the integrals, the limits of integration will have to be 
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interchanged iilth a coinresponding change in sign^ and for others it will 
he necessary to divide the integral into two parts, as for Instance, 


n 




/ =/ =/ -I 

Ti T3_ 1 11 


for the case of two con^lex roots. In order to avoid any possible con- 
fusion in selecting the proper fonns, we shall enumerate here the formulas 
of reference 12 to he used. For the case of a.1 1 real roots, the four 
integrals of equation ( 39 ) are given respectively by formulas 257 * 11 ^ 

257*00, 257*12, and 257*29* For tiTO roots complex, the corresponding 
integrals are given by formulas 259*03, 259 . 00, 259 *04, and 259 . 07 . With 
these formulas, then, equation ( 39 ) gives a direct relationship between 
the lateral position y^^ of the starboard vortex and the corresponding 
dot/nstream distance d. Equation (39) Is also of interest in connection 
■vriLth the classical problem in hydrodynamics of the motion of a tvro- 
dimensional vortex pair past a circular cylinder. In view of equation (l9)^ 
equation ( 39 ) gives the time elapsed between any tvro successive positions 
of the vortices. 


Now if we divide equation (35) by equation ( 16 ) we obtain the quan- 


tity ^ 

of 

a 


So 

of 



K 

as 



_a^ 

s 


y ifpp 

and of — — which is also a fxmction 
o Sq . 


as given by equation ( 18 ) . Iherefore, since tj is a function 




m 


which gives us curves of 
radius to wing semispan. 

KUo5,; 


of ^ and ( 
JtS. 


5^ — vs. — for various chosen ratios of body 
Such curves are presented in. figure 3 and curves 

against — are given in figures and 5 * 

So 


RESULTS AND DKCUSSION 


In the remainder of this report we shall apply the foregoing analysis 
to the calculation of lift for several different configurations . The 
first calculations will be concerned solely with ifing -body-afterbody 
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combiiiations having no tail. Thus we set s^^ = a in equations (U) 
and (12) to obtain respectively for the lift of the afterbody and the 
lift of the combination 


and 



( 41 ) 


( 42 ) 


The -vring-hody lift -vrLth no afterbody is given in reference 10 as 



( 43 ) 

Now^ with equation ( 43 ) , with the results of the foregoing section 
as summarized in figure 3# with eqjiation (16) for T, and with equa- 
tions (22) and (23) for z, it is a simple matter to calculate the after- 
body lift and total lift from equations ( 4 l) and ( 42 ) for various after- 
body lengths and body-diameter to wing-span ratios. The results are 
presented in figures 6 to 9 and it can be seen that there is a value of 

for which the (negative) lift on the afterbody is a maximum for 
®o 

a given ratio of body radius to wing semispan (fig. 6). Similarly^ for 
a given 5 rj — , there is a value of for which the afterbody lift is 

W Bq Sq 

a negative maximum^ as shOTm in figure 7* will he noted that there is 
a corresponding mi m' mum of the total lift as shown in figure 8, and that 
this maximum reduction in lift due to the afterbody is a sizable fraction 
of the total lift. 


Figure 6 indicates that the lift per unit wing incidence ceirried on 


the afterbody is positive for small — and negative for large 

" Sq °o 

Also, an increase of the afterbody length apparently eilways results in a 
reduction of lift for short afterbodies. However, the actual values must 


he viewed with caution near 5 rj — = 0 since figure 8 shows an incon- 

W Sq 

sistency there. That is, the total lift per unit i^ing incidence for no 
afterbody I- = o\ according to the present theory, does not agree 
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vrith -r — as given by equation (^ 3 ) • The reason for this discrepancy is 
°V7 

the assumption here that the vortex sheet is fully rolled up at x = Z. 
That is, the present analysis is applicable only to combinations having 
an afterbody length at least as great as the distance required for the 
vortex sheet to become fully rolled up. 

An estimate of the distance e for rolling up of the vortex sheet 
can be obtained directly from the formula given in reference 11 


_e ^ - ^ 1 . f 

2 s “ Cl " Cl \S^J 




provided that we replace s by (sq - a) . 
tions (15) and (16) and replacing Cl by 


In this manner, using 


% 

I pUo^%’ 


we find 


equa- 



Now Kaden (ref. l 4 ) has given a value for of 0.28 for wings -vrith 

elliptic circulation distribution, but in reference 15 it has been pointed 
out that this value is much too low to agree mth numerical calculations . 
For our pxirpose here, namely to obtain an estimated lower limit for 

5 y — of the present calculations, it -vd-ll be sufficient to take twice 
®o 

Kaden 's value; that is, k^^ = O.56. That this is a reasonable choice fan 
be verified by comparing with the numerical results of reference 16 for 
a plane \riLng. 


The values of 5 ^ for rolling up of the vortex sheet, as given 

°o 

by equation ( 45 ) using k^ = O.56, have been calculated and the curves of 
figure 8 have been modified by the dashed lines to agree -vrLth at 

( 3 . 

&]/j — =0. It can be seen that a short afterbody is still expected to 
So 

give positive lift, as indicated by figure 6 . However, the curves of 
figure 6 should actually pass through the origin in eigreement with the 
dashed cmrves of figure 8 . It then becomes clear that the afterbody lift 


has a positive maxi nnam at some smeill 

at a rather large — . 

So 



as well as a negative maxiTtnim 
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Another indication of the error at small values of 


is given 


by the curve for — of zero in figure 7* Since this cmrve should 

®o , 

actually coincide with the axis (i.e., it should indicate no lift on an 
afterbody of zero length), the values shown are a direct measure of the 

error involved. This error is of co\arse a maximum at 8 tj — = 0 and 

e o 

diminishes to zero at 5^^ s.s sho\m in figure 8. 


It might be of interest to consider for a moment the physical sig- 
nificance of the discrepancy discussed above between the present theory 

and ordinary slender-body theory for small values of — (i.e., for 

So 

short afterbodies). Or din arily, in discussions of the rolling up of the 
vortex sheet behind a i/ing, we make frequent use of the fact that the 
lift impulse is unchanged during the rolling-up process. The reason for 
this Invariance, of coturse, is the absence of a body capable of sustaining 
a force in the wake. For the problem treated here, however, such a body 
is present in the wake, the lift Impulse vafies with distance downstream, 
and there is a force carried on the body just due to the rolling up of 
the vortex sheet. It is in fact just this lift which is the value indi- 
cated in figures 6 and 7 at 8 w — = 0 , and it is seen that this lift is 

So 

positive in all cases. 

In figure 9, the calcvilated curves of total lift as a function of 
wing incidence are presented for a number of wlng-body-af terbody combina- 
tions. The lift curves are, as expected, increasingly nonlinear as the 
body-diameter to wing-si)an ratio is increased and as the afterbody length 
is increased. 

Now since equation (12) ms actually developed for wing-body-tail 
combinations , assuming that the tail has no influence on the vortex posi- 
tions, we can calciilate the totel lift for such combinations directly 
from that equation. The strengths and positions of the rolled-up vortices 
are again given by equations ( 16 ) and ( 39 ) the length d now becomes 
the tail length, that is, the distance between the trailing edges of wing 
and tail. The calculated lift curves are presented in figures 10 and 11 

for two ratios of tall span to wing span, one less than 1 and one greater 

than 1. In both cases, the tail is at zero incidence so that Lgj = 0. 

For other tail Incidences, is given in reference 10. 

In figure 10 the tail span is half the wing span and the lift curves 

for the smallest body radius shown (a/sQ = 0 . 2 ) are almost linear for a l l 
the tail lengths calculated. The c\irves evidently become increasingly 
nonlinear as the body radius is increased and as the tail length is 
increased. For the largest body radius (u/sq = 0.8) and the longest tail 
length (d/so = 2h) , the lift curve slope changes sign at a fairly small 
angle of incidence (5u « 8 . 5 °). If the tall span is somewhat greater than 
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the wing span (e.g., b^/bq = 1-5^ tig- 11)^ the lift curves are more non- 
linear and the effect of increasing the, tail length is more pronounced. 


CONCaiiUDING REMARKS 


A theoretical analysis has been made of the lift produced on the 
afterbody and taii of a slender plane -wlng-body-tail combination at zero 
angle of attack due to incidence of the ving. It was assumed throughout 
the analysis that the vortex sheets leaving the wing panels become fully 
rolled up ahead of the trailing edge of the tall or the base of the 
afterbody. 

The lift produced on the afterbody with no tail was found to have a 
positive maximum at a certain short afterbody length and a negative maxi- 
mum at a certain very large afterbody length. The rolling up of the 
vortex sheet \tb.s foiind to produce a positive lift on the afterbody. 

The total lifts of some plane wing-body-tail combinations having 
tail spans less than and greater than the wing span were calculated, and 
the lift curves were found to become increasingly nonlinear as the ratio 
of body diameter to wing span was increased. 

The lift due to wing incidence as calculated in the present report 
cannot be added directly to the lift of the body at angle of attack since 
inclining the body would alter the paths of the rolled-up vortices . As 
a matter of fact, if the angle of attack of the body is not zero, the 
path of the integration required to relate the vortex positions to the 
distance behind the wing becomes transcendental rather than algebraic as 
in the present case- Therefore, application of the methods employed here 
does not seem feasible for problems in which the body is not aligned with 
the flight direction. 


Ames Aeronautical Laboratory 

Rational Advisory Committee for Aeronautics 
Moffett Field, Calif., Aug. 1^, 195^ 
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a/s„ 

Figure 1 .- Lateral position of steirboELrd vortex at wing trailing edge; 
plane wing-body- tail combination, a = 0, 6^ 0, (eq. (18)). 
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Figure 4 .- Equations ( 35 ) and (18) . 
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Figure 5.- Equations ( 35 ) and (16) , 
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Figure 7.- Effect of afterbody length and wing incidence on the variation 
of afterbody lift with ratio of body ladius to wing semispan; a = 0, 

^7 7^ 0 • 
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(b) a/s = 0.6, 0.8 
Figure 11 .- Concluded 
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